In this paper we show that the geometric monodromy φ of the Milnor fibre, has finite order q if and only if the operator φ q * acts trivially on the homology. The proof is based on the classical methods of surgery.
Introduction
In 1983 Morgan ([8] ) proved the following theorem:
is a hypersurface with an isolated singular point at the origin. If the monodromy on the homology of the Milnor fibre is of finite order, then some power of the monodromy is isotopic to the identity.
The idea of the proof is to study in the first place the obstructions for the existence of a homotopy between the monodromy and the identity, and in the second place the obstructions for deforming this homotopy into an isotopy. It turns out that for even-dimensional hypersurfaces in C 2n+1 all these obstructions lie in finite groups and vanish after the base change (i.e. replacement of the monodromy by some positive power of it). In the case of odd-dimensional hypersurfaces in C 2n+2 this approach does not work since some of these obstructions belong to infinite groups. In the present paper we use different ideas to obtain a stronger result which says what the order of the monodromy is.
We consider a hypersurface V 2n+1 ⊂ C 2n+2 , n ≥ 1 with an isolated singular point at the origin and the Milnor fibration ( [7] ) associated to this singular point. We denote this fibration by
where K stands for the open tubular neighborhood of the intersection of the hypersurface V with a small sphere S 4n+3 ǫ ⊂ C 2n+2 centered at the origin, and M denotes the fibre of this fibration. The following is well known about topology of the Milnor fibre M 2k (here k = 2n + 1): M 2k is a parallelizable smooth manifold diffeomorphic to a handlebody, obtained from the disk D 2k , by attaching µ handles of index k. The boundary ∂M of this manifold is (k-2)-connected manifold, diffeomorphic to the intersection V ∩ S 2k+1 ǫ . By the monodromy φ (the term geometric monodromy is also used in the literature) we mean any diffeomorphism of the fibre ι −1 (1) to itself, induced by going round the base circle. This diffeomorphism is well defined up to isotopy and we will not distinguish between representatives of the isotopy class. For details see Milnor's book ( [7] , §8) or ( [8] ).
Suppose now that we have a manifold M with boundary ∂M and two orientation preserving diffeomorphisms f, g : M −→ M. We will call these diffeomorphisms pseudo-isotopic (write f ≃ g) if there is a diffeomorphism H : M × I −→ M × I such that H(x, 0) = f (x), H(x, 1) = g(x) for any x ∈ M. The group of pseudo-isotopy classes of such diffdeomorphisms will be denoted byπ 0 Diff (M).
If the diffeomorphisms f and g keep the boundary ∂M pointwise fixed and there is a diffeomorphism F : M ×I −→ M ×I which satisfies the following three properties:
F | ∂M ×I = id, we will say that f and g are pseudo-isotopic relative to the boundary ∂M and write f ∂ ≃ g. The corresponding group will be denoted byπ 0 Diff (M, rel ∂M). In both cases we use [f ] to denote the pseudo-isotopy class of a diffeomorphism f . We generalize the above theorem of Morgan and prove the following 
In other words, the monodromy φ has finite order q in the relative group π 0 Diff (M, rel ∂M) iff the monodromy operator φ q * acts trivially on the homology of the Milnor fibre.
In §2 the idea of the proof of Theorem 1 is given. In §3 we prove two auxiliary results and recall a theorem of Wall on the Non-Additivity of the Signature. Some manifolds, which play an essential role in the proof of the Theorem, are constructed (using the geometry of the Milnor fibration) and studied in §4. Finally, in §5 we show that one can use methods of surgery to modify the manifolds obtained in §4, until these manifolds satisfy some required properties.= M × I/(x, 0) ∼ (f (x), 1) where I stands for the unit interval [0, 1] . By σ(M) we will mean the signature of the manifold M. By p M we denote the disjoint union of p copies of the manifold M. The standard m-dimensional disk and the sphere will be denoted by D m and S m respectively. We will also use the double DM of a manifold M which is defined to be the boundary of the product M × I (with corners smoothed) and since ∂(M ×I) = M ×0 ∂M ×I M ×1 we will denote the union M ×0 ∂M ×I by M + and M × 1 by M − . Thus we can write DM = M + M − .
Suppose now we are given a smooth manifold M 2k (k ≥ 3) with boundary ∂M which satisfies the following conditions: 1) M has the homotopy type of bouquet of k-dimensional spheres and the boundary ∂M is (k-2)-connected. 2) For a diffeomorphism φ ∈ Diff (M, rel ∂M), the union of the mapping torus M φ and D 2 × ∂M along the boundary S 1 × ∂M is diffeomorphic to the sphere S 2k+1 (i.e.
3) There exists a number q ∈ N so that φ q induces a trivial map on homology. Note that if we assume that some power of the monodromy acts trivially on the homology then the Milnor fibre satisfies all these conditions since the mapping torus M φ of the monodromy φ is the total space of the Milnor fibration.
To prove that φ q ∂ ≃ id we need to show that there is an extension Ψ : 
to construct some manifold W , bounding the twisted double M × I ψ −M × I, and then use surgery to modify this manifold W in the interior until the required properties are fulfilled. Before we proceed to the construction of W we prove some auxiliary assertions which will be useful to us later.
Auxiliary results
The group of pseudo-isotopy classes of orientation preserving diffeomorphisms of a closed, (k-1)-connected, almost-parallelizable 2k-manifold has been computed in terms of exact sequences by Kreck (see [4] ). The next proposition makes it possible to apply these exact sequences to study the relative group of pseudo-isotopy classes of diffeomorphisms of a manifold with boundary. In this proposition we assume M to be smooth and simply-connected manifold of dimension at least 4.
Proof:
First we have to define ω. Given a diffeomorphism ϕ ∈ Diff (M, rel ∂M) we defineφ ∈ Diff (DM) by the formula:
It is easy to see that ω induces a well-defined map of groups of pseudo-isotopy classes of diffeomorphisms i.e. if ϕ
, that is ω induces a homomorphism which we also denote by ω. To show that ω actually is a monomorphism we use again Proposition 1 of Kreck. Suppose that ω(ϕ) =φ ≃ id, then clearly DMφ is diffeomorphic to the product
. On the other hand we can present DMφ as the union of M ϕ and −M × S 1 along the 
2 From now on we assume that M satisfies three conditions which we described above in the section 2. It follows from these conditions that the double DM will be a closed, smooth, (k−1)-connected, almost parallelizable 2k-manifold. Consider the following exact sequence (see [4] , Theorem 2):
Hereπ 0 SDiff (DM) stands for the group of pseudo-isotopy classes of diffeomorphisms which act trivially on the homology of DM and the map l is defined as follows: Present a homotopy sphere
and assume that f is the identity on a neighbourhood of the lower hemisphere D 2k − ⊂ S 2k . Next take the diffeomorphism of DM which is the identity outside an embedded disk D 2k ֒→ DM and is equal to f | D 2k
Clearly this diffeomorphism gives an element ofπ 0 SDiff (DM). The definition of the map χ we recall later in the proof of the next proposition.
Proposition 2 (k is odd and k
By S and T we denote the maps induced by the natural inclusions:
Proof: Consider the following diagram:
Here both lines are exact homotopy sequences of fibrations of the orthogonal groups SO(k + 2) and SO(k + 1) over the spheres S k+1 and S k . Since k + 1 is even the composition p * · δ is a monomorphism ([1],Lemma IV.1.9). If x ∈ Im(S) and T (x) = 0 then ∃y ∈ π k+1 (S k+1 ) so that δ(y) = x. Since p * · δ(y) = p * (x) = 0, x must be zero too. 2 Remark: It is easy to see that if k is even the map T | Im(S) will not be a monomorphism.
) and ker(T ) ∼ = Z 2 in this case (see [1] , Corollary IV.1.11). Proof (of proposition 2):
is represented by an embedded sphere S k we can assume (for k > 3) that g| S k = id and since the stable normal bundle of S k in DM is trivial the operation of g on ν(S k ) ⊕ 1 given by the differential of g gives an element of Sπ k (SO(k)). This construction leads to a well-defined homomorphism
Since g| S k = id the product S k × S 1 ⊂ DM g and we can consider stable normal bundle ν(
is the normal bundle of S k × S 1 in the mapping torus DM g . Restriction of this stable bundle to a fibre S k × {pt} is clearly trivial and hence ν(S k × S 1 ) ⊕ n is classified by an element of the group π k (SO). It is obvious that this element is equal to the
.) In our case f q * = id and thereforef q * = id. As above we can assume that any x ∈ H k (DM) is represented by an embedded sphere
We also can assume without loss of generality that
2k+1 the tangent bundle of M f is trivial, hence the restriction of the tangent bundle ξ of DMf q to submanifold M f q is also trivial. (Note that M f q is a covering space of M f and the tangent bundle of M f q is trivial being a pullback of a trivial bundle. In particular 
i.e. the diffeomorphismf q is identity outside the interior of the disk D 2k . Now Proposition 2 follows from Proposition 1. The fact that M f q is diffomorphic to M × S 1 #Σ 2k+1 follows from Lemma 1 of ( [2] ). 2
In the next sections we will glue together two manifolds along a common submanifold, which itself has boundary. The signature of the resulting manifold can be computed using a theorem of Wall ([9] ). Here we recall the statement of this theorem. For details the reader is refered to the original paper of Wall. Suppose given manifolds, disjoint except as specified, with
Assume that all manifolds have appropriate orientations and dim(Y ) = 4m. Denote H 2m−1 (Z; R) by V and let A, B, C be the kernels of the maps induced by inclusions of Z into X − , X 0 and X + respectively. Define the quotient W by the formulas:
The intersection form on V induces a symmetric bilinear map Ψ : W × W → R. The signature of this map is denoted by σ (V ; A, B, C) . (We don't give the definition of Ψ here because we will show later that in our case W ∼ = {0}.)
The following theorem is due to Wall ([9]):
The cobordism
We assume k ≥ 3 in this section. The construction of W consists of three steps: i) A relative cobordism N q between M φ q and the disjoint union of q copies of M φ is built. ii) This cobordism N q is pasted together with D 3 × ∂M along a common submanifold to obtain a new manifold W ′ , which is a cobordism between the twisted double and q copies of the sphere S 2k+1 . iii) The manifold W is defined to be a union of W ′ and q disks D 2k+2 along these spheres.
First we consider the cobordism N q between M φ q and q M φ , defined as the fibration with fibre M over the q times punctured disk D 2 , classified by the diffeomorphism φ around each hole of the disk (cf. [4] , Proposition 3). (See Figure 1 for q = 3.)
We will denote such a disk with q holes by D 2 q . Another point of view of this fibration will be useful: Consider the union of two mapping tori M φ along a fibre M:
This union is a fibration over bouquet of two circles, classified by the diffeomorphism φ over each circle. Similarly we can define a fibration over bouquet of q circles ∨ q S 1 so that restriction of this fibration to each circle will give the mapping torus M φ . We will denote this fibration by Since the diffeomorphism φ is the identity on the boundary ∂M, the boundary of cobordism N q is the union:
As for the product D 2 q × ∂M, it is a submanifold of the product S 2 × ∂M which is the boundary of
and we can glue together N q and D 3 ×∂M along the common submanifold D 2 q ×∂M to obtain a new manifold which we denote by
Proof: First we show that we can embed N q into R 2k+3 . Since
Choose two closed intervals I 1 and I 2 of the outer circle S 1 ⊂ ∂D Now if we have q copies of N 1 we can assume that every "even" copy is embedded into R 2k+3 + and every "odd" copy is embedded into R 2k+3 − . If we glue these q copies together along the manifolds I × M ⊂ R 2k+2 we clearly obtain a manifold (after smoothing the corners) diffeomorphic to N q and embedded into R Using the function λ again we can assume that the pair (N q , D 
In particular this means that we can close these q spheres by q disks D 2k+2 . The result is the required manifold
First of all note that the boundary ∂W = M φ q S 1 ×∂M −D 2 × ∂M, and this union is diffeomorphic to the twisted double M × I ψ −M × I. (Indeed: It is obvious from the definition of ψ in section 2 above that M φ q is contained in the twisted double and one needs to add D 2 × ∂M along the boundary to obtain this twisted double.) Next observe that by the theorem of Seifert and
It is easy to see that the natural inclusion D 
. From the relative Mayer-Vietoris exact sequence of pairs (
we derive that the map:
is an isomorphism. This proves Lemma 3. 2 As a corollary we see that for 2 ≤ * ≤ k H * (N q , M) ∼ = {0}.
× ∂M = ∂M and we consider two pairs: (N q , M), and (D 3 × ∂M, ∂M). Here is the relative Mayer-Vietoris exact sequence of these two pairs:
induced by the inclusion is an isomorphism as it is easy to see from the following commutative diagram where the vertical lines are fragments of the exact sequences of the corresponding pairs:
Here i * is an isomorphism since the inclusion D 2 q × ∂M ֒→ N q induces an isomorphism in the fundamental groups as we noted above. Now since ∂M is (k-2)-connected and hence
and hence by the Poincaré duality
is torsion free by the universal coefficient formula and Lemma 4 above. In the next section we use surgery to modify this manifold W in the interior until H k+1 (W, M) is zero.
Proofs
It is well known that in order to kill H k+1 (W, M) by a sequence of surgeries we need to find a direct summand U of H k+1 (W, M) which satisfy the following properties (cf. [4] , proof of Theorem 1):
2) each x ∈ U can be represented by an embedded sphere S k+1 ֒→ W with trivial normal bundle. 3) for x, y ∈ U the intersection number x • y vanishes. First we compute the dimension of H k+1 (W, M). Consider two exact sequences of pairs (W, M) and (W, ∂W ):
The top map is trivial since the map
, where the latter group by the Poincaré duality and universal coefficient formula is isomorphic to H k (W ) (since by Lemma 4 
For the proof consider the Mayer-Vietoris exact sequence of ∂W = M × I ψ −(M × I):
Here α = (i 1 * , −i 2 * ) where i 1 * and i 2 * are induced by the inclusions of ∂(M × I) into M × I and −M × I respectively. Since ψ = φ q and φ q acts trivially on the homology of M, ker(α) = ker(i 1 * ) = ker(i 2 * ) and we can find ker(i 1 * ) from the exact sequence of pair (M × I, ∂(M × I)):
Obviously δ is a monomorphism since M has the homotopy type of bouquet of k-dimensional spheres. By Poincaré duality the first group is isomorphic to H k (M) i.e. ker(i 1 * ) ∼ = H k (M) and the claim is proved. Thus rank i * = dimH k (M) − dimH k (W ) and hence dimH k+1 (W, M) = rank j * + 2 · rank i * . Since H k+1 (W, M) is torsion free, the same is true for H k+1 (W ) and we can decompose H k+1 (W ) into subspaces S ⊕ V where im i * ⊂ S and dim(S) = rank i * . Using Poincaré duality again and the fact that < Z, x >= 0 for any Z ∈ H k+1 (W, ∂W ) and any x ∈ im i * it is easy to see that for any x ∈ S and y ∈ H k+1 (W ) the intersection number x • y vanishes. Therefore dim(V ) = rank j * = rank of the intersection form on W .
Lemma 5 The intersection form on V is unimodular.
Proof: We will show that there is a manifold L 2k+2 , bounded by a homotopy sphere and an embedding e : W ֒→ L which induces an isomorphism e * | V :
which is evidently diffeomorphic to ∂(M × D 2 )#Σ and we can glue together
The boundary of L is the homotopy sphere Σ and therefore the intersection form on L is unimodular. Next consider the commutative diagram induced by inclusions:
It implies that im(l * ) = im(i * ). From the Mayer-Vietoris exact sequence of L (with R coefficients)
Proposition 3 Signature of W is zero.
Proof: We will use the theorem of Wall ([9]) which we recalled at the end of the third section. In order to make the computations easier we slightly change our point of view of the manifold W = W ′ ∪ ( q −D 2k+2 ), i.e. we change the order of pasting the manifolds N q , D 3 × ∂M and q D 2k+2 (keeping the "same" gluing maps of course). First we glue q disks
and then take the union of N q and L q along the submanifold
At the end we clearly get the same manifold W , i.e. W = N q X 0 −L q . Since D 2 q is homotopy equivalent to the bouquet q S 1 , the manifold X 0 is homotopy equivalent to the union:
where by ∂M we mean a fiber of the boundary ∂M φ . Furthermore ∂X 0 = S 1 × ∂M as well as ∂(D 2 × ∂M) = ∂M φ q = S 1 × ∂M and we can apply the theorem of Wall to say that σ(
. Since M φ has no intersection form and N q is homotopy equivalent to
and it is clear from the MayerVietoris exact sequence that H * (L 1 ) ∼ = {0} for * ≥ 1. Furthermore since ∂L 1 together with L 1 are obviously simply-connected it follows from the hcobordism theorem ( [6] ) that L 1 is diffeomorphic to the disk D 2k+2 . Hence
(union of p-copies of D 2k+2 along the common submanifold D 2 × ∂M). If we assume that the claim is true for p − 1 it is easy to see from the MayerVietoris exact sequence of the union
. This proves the claim and as a corollary we get σ(L q ) = 0. Thus to finish the proof we just need to show that σ(V ; A, B, C) = 0 where as we mentioned above, σ(V ; A, B, C) is the signature of some form on the space
. We show that W ∼ = {0}. For the rest of the proof we assume real coefficients R for the homology groups. Recall that
) and h c is the boundary map in the exact homology sequence:
Similarly A = ker i a * = Im h a , where i a is the inclusion ∂M φ q ֒→ M φ q . By Proposition 2 above, M φ q ≃ M × S 1 #Σ and therefore M φ q is homotopy equivalent to M × S 1 . Hence ker i a * = kerĩ a * , whereĩ a is the inclusion ∂(M × S 1 ) ֒→ M × S 1 . Consider the following commutative diagram:
It follows from the exact sequence of the triple (
which implies thatĩ a * • h c is the zero map i.e. C ⊂ A. On the other hand if x ∈ A thenĩ a * (x) = 0, hence l • i c * (x) = 0 and since it is easily seen that l is a monomorphism, it follows that i c * (x) = 0. Thus A ⊂ C. Therefore W = Indeed, since we defined V as a subspace of H k+1 (W 2k+2 ) = S ⊕ V and the intersection form on S is zero then σ(V ) = σ(W ) = 0. Now we can apply Proposition III.1.2 of ( [1] ) to state that there is a subspace T of V such that dimT = · dim H k+1 (W, M) and the intersection form on U vanishes. In particular for any homolgy class λ ∈ U the intersection number λ • λ is zero. If we assume now that this λ can be presented by an embedded sphere S k+1 ֒→ W , according to Lemma 7 of ( [5] ) (recall that W ′ is stablyparallelizable by Lemma 2 above) the normal bundle of this sphere in W will be trivial which means that we can kill this λ by the surgery. Thus to finish the proof of the Theorem it is enough to show that any homology class of U can be presented by an embedded sphere S k+1 ֒→ W . This can be seen easily from the following commutative diagram (cf. [4] proof of Theorem 1):
where β and γ are isomorphisms by the Hurewicz theorem. Thus we have found a subspace U of H k+1 (W, M) which satisfies all the required properties. This completes the proof of Theorem 1 in the case of k ≥ 3. The case of k = 2 follows easily from Theorem 1 of ( [4] ) and Proposition 1 above. Indeed, if φ ∈ Diff (M 4 , rel ∂M) and φ q acts trivially on the homology of M, then ω(φ q ) acts trivially on H 2 (DM) and by Theorem 1 of ( [4] 
